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ABsmAcT 

It is found possible t o  give a coherent interpretation of 

the time history of the intensity of  several solar cosmic ray 

events i n  tenns of a unified interplanetsry diffusion model 

which assumes that  the difYusion coefficient D = M I@, where 

r is the heliocentric radial distance and M and B are parameters, 

which may be dependent on particle energy E. 

paSticuhr3.y successful in accounting for the decay phases. 

For the September 28, 1?61 event M varies as E ’*” and, 

The model i s  

assuming spherical geometry, p is equal t o  one for 

55 

A t  r = 1 A.U. the mean free path A is about 0.081 A.U. for 

E - 200 MeV and 0.15 for  E = 23 MeV. 

E < 500 MeV and decreases ragidly at loner energies. 

The energy dependences 

of #3 and A suggest 0.006 A.U. as the order of magnitude of 

the scale size of irregularities i n  t he  interplanetary magnetic 

field. The source spectrum is inferred. The possibil i ty of 

non-spherical geometry of diffusion is considered, as i s  the 

implication of the results with respect t o  the solar modiition, 

of galactic cosmic radiation. 
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Bhny studies of the t h e  dependence o f t h e  in%ensity of 

so- cosmic ra;ys C-r e t  al., 19%; Bryant et ~ l . ,  I*, 

1964; Charairhchyan et  al., 1962; HoFAnan and Vinekler, 1963; 

Wbckler and Bhavsar, 19631 have suggested that diffusion plays 

an essential role in the interplanetary propagaticn of such 

particles. It is usuallypossible t o  f i t  observed Lntensity 

data up t o  and somewftst beyond the time of maximum intensity 

by assuming an infinitely extended, difFusive medium consisting 

of a uniform distribution of isotropically-scattering centers. 

Plausible values of d i f f b i o n  coefficients are found but t h i s  

s-le model is strikingly inadequate i n  accounting foy the 

decay phase of observed i n t e n s i t p v e r w - t i m  data. Hence, 

it has become customary t o  add an additional ad hoc feature t o  

the model, namely a perfectly transmittkg outer boundary t o  

the diffusive region i n  the form of sphere of radius ro centered 

i n  the sun. 

t0 give a reasonably satisfactory f i t  t o  observed data, with 

values of ro typically equal t o  2 or 3 astronomical units. 

Such large values of ro do not affect the f i t  t o  early-time 

data, given by the f i rs t  phase of the calculation kbm and 

Winckler, 1963; Winckler and Bavsar, 1963; Krimigis and Lin, 

Thfs feature causes a more rapid decay and t e ~ d s  

1%41 
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The foregoing two-phase model predicts a strict ly  

exponential decay Of intensity. 

but are by no means the only type observed. Power l a w  decays 

have been seen [Axmoldy e t  al., 1960; Anderson a& Enemasb, 

1960; Wlnckler et al., 1961; L i n  and Van Allen, 19631 , as 
have decays M c h  fit neither an exponential nor a power law 

1-1, 1961; Krimigis and Van Allen, to be piblished] The 

present paper anslyzes the time dependence of fntensity of 

several solar cosmic r v  events in terms of a sanewhat 

different model, wMch mals to the author, at least, as 

having a mre natural physical character, and which has 

sufficient p a r a t r i c  f l d b i l i t y  t o  account for various 

laws of decay. 

Such decays axe known to occur 



5 

There is  not y e t  sufficient direct knowledge of the 

interplanetary magnetic field t o  permit the calculation of 

particle trajectories in a "microscopic" manr,er. It is 

probable, however, that  the effective diff'usion coefficient 

for a charged particle is a fbnction of particle erergy, of 

position i n  space, of direction, and of time. 

No attempt at f u l l  generality is nade here. Only a 

modest generaization of the uniform isotropic model is 

attempted. 

Specifically, it is  assuraed 

m a t  p a r t i d e s  diffuse i n  a random ~ a l k  through a 
medium of s ta t ic  scattering centers, 

That the scatter- is isotropic, and 

That particles neither gain nor lose energy i n  the 

scattering process; 

(a) 

(b) 

( c )  

but that  

(a) The density of scattering centers diminishes with 

increasing radiaJ distance r From the sun, but is 
not a function of heliographic lati tude or 
longitude . 

This type of model appeared first, to the author's knowledge, 

89 one of a number of models set forth i n  E. N. Parker's book 

"Interplanetary ~ynamical Processes" [1%1, p. 2171. We propose 

I 
I 



t o  examine it in detail and check its predfctions with the 

experiw?ntaJ. data at hand. 

In order t o  obtain an explicit  solution to the diffusion 

equation we must assume a specific form for t he  spatial depen- 

dence of the diFeusion coefficient. Let us assume9 following 

Paxker, that the diff'usion coeiY5cient D varies as a power 

of r, that is, 

where B and M are parameters independent of r but possibly 

-t on particle energy. 

isotropic scattering of particles of a given energy is 

Then the diffbsion equation for 

&re p = the number of particles per unft voltmre 
at position r, a t  t i m e  t, of energy E. 

a = parameter specif'ying the dimensfoIiality of the 
space to be used. 

A solutioa t o  an equation o f t h i s  form is writ ten down without 

proof by mker i n  the  forementioned book. We feel tkat the 

detailed solution is of interest and have therefore worked it 

out with the necessary modifications for the present purpose and 

have presented it in Appendix I. 
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In order t o  transform solution (15~) in Appendix I 

t o  directly observable quantities we use the relation 

L 

I = directional intensity 
- - no. (unit area, unit  t i m e ,  unit solid angle)O1 

Y = velocity of the particle of given energy. 

fn writing down the 8' relation we have txsumed explicitly 

that the intensity is  isotropic. It should also be noted that 

the devlelupment has been for particles of a Gven energy only. 

Then (15A) becomes 

where f3 < 2 . 
N = no. of particles 2er nit solid angle @tted 

at t=O. 

Eaulti&ing both sides by t (cw1)/(2-g) and taking logarithms 

we have 
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W,  if we plot J n  I t (cw1)/(2-B) vs to' we have a f a y  of 

straight lines corresponding to various numerical values of the 

ratio 

given bY 

W l  
( - ). 218 The slope of a partic- straight line is 

the intercept of the lirce with the t+ asds gives us the term 

intercept = b 
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By the derivative of I i n  equation (2) with 

respect to time and setting it equal to zero, we find the 

time of - intensity t-• mu8 setting, 

d I  T t ' =  0 9  

or 

In terms of the slope, the last equation can be rewritten as 

follows: 

8-2' 
Cwl = m  tmax 

For the case of radial d i m i o n  8 w ~ y  Fmrn a point source i n  

three-dimensional space, ct=2 and equation (7) becomes: 
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DI SCZTSSION 

. 

TO summarize, we have equation (1) whose soiution i n  t e r m s  

of intensity i s  equation (2), with the supplemental expressions 

(4), (5), and (7). 

t ion of the variation of the intensity as a function of time and 

position i n  space. A set of calculated curwes showing the time 

variation for  various distances is given i n  Figure 1. 

cleas from equation (2) t h a t  the decay is not a negative 

exponenth3 i n  time, though segments of the decay curve may be 

60 approximated over periods of  time whose lengths depend on the 

d u e s  of r and M. 

or 4 A.U., t3e decay is approxhately an exponential mer the 

t i m e  period 15 t o  40 hours. But from equation (2) it is seen 

These expressions give us a complete descrip- 

It is 

As seen i n  Figure 1 for the cases r = 3 

that the intensity agproachesasynrptotically a t - (e1 I/ (2-8 1 

decay &t large t. 

in a log-log plot (Figure 2) we observe tha t  even as late as 

f i f ty  hours after the beginning of the event, the intensity at 

r = 1A.U.  has not yet reached the asymptotic decay law which 

i n  th i s  exemplary case is to3. 

If we plot the celculated intensity vs time 

It is clear from the above examples, that the agparent 

law of decay of intensity is a function of M and of the radial 



distance (as  ell as of the VEILUS of a and p). meover, it 

should be recalled that M sad @, i n  particular, are probably 

f'unctions of particle energy. Thus, it is seen that this 

relatively s-le model does provide a new level of f lexibi l i ty  

and physical insight i n  mderstanding observstional data. 

It is of *her interest t o  exantine the intensity 88 

a m c t i o n  of position for various times (~igure 3). we 

O b s m  that we Start with a distribution strongly peaked at 

the 0- at t=l hr, but att=lOO hrs the intensity is 

nearly constant out to  at least 6 A.U. 

additional basis for the interpretation of data obtained with 

deep space probes at various hellocentrlc distances. 

Such cur'ves offer an 

It is clearly desirable to  derive values of M and of 8 

fMm the detailed configuFation of tne interplanetary magnetic 

field. 

scattering of a charged particle by an inhomogeneity i n  a 

magnetic field is a maximum when the cyclotron radius of the 

particle's trajectory is comparable to the scale of the 

inhomgeneity and diminishes for  both greater and lesser values 

of the cyclotron radius. 

detailed calculation [Parker, 29643 

be possible t o  use observed field configurations for more 

comprehensive calculation. 

macroscopic point of view. 

Far example, the intuitive expectation is that the 

This expectation is confirmed by 

In dim course, it may 

Meambile, we continue t o  use the 



The usefulness of the abuve theorywiU now be checked 

by analyzing several bodies of observational data on I vs t 

a t  r - 1 A.U. i n  t h e  f'rmework of equation ( 3 )  and its 

consequences. 

ien I t (w1)/(2-g) vs l/t w i l l  be a straight l ine for  any d u e  

of the quantity (crt1)/(2+). 

Specifically, the model implies that a plot of 

It should be mted that 

obselimtiondi data at a single value of r c w m t  yield 

separate determinations of CT and p, unless M is buwn. A n  

assumption about the effective geometry is required (e.g.? 

0=2 corresponds t o  dif'f'usion away from a point source i n  

three-dimensional space) for a unique determination of f3. 

This assumption (W) has been used i n  the following 

analysis. 

the impulsive emission of solar cosmic rays (M) t o  have 

Insofar as observational data permit we have taken 

occurred a t  t he  mxat of emission of a burst of hard X-rays 

durirtg the course CP t h e  flare, since it is plausible that  

energetic particles are gcerated at this time. In  the cases 

where no solar X-rzys were observed we have taken the 

beginning of the optical flare as t=O. It is noted t h a t  

errors i n  selection of zero time of the order of a few 

minutes h v e  l i t t l e  effect on the valuss of B and M which are 

derived from the filll analysis of the I vs t data. 
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Figure 4 shows a plot of data for the September 28, 

1961 event, as observed by a 302 G.M. tube on E k p l O r e r  

outside the magnetosphere [Van Allen et  d., 19623 

have been plotted for e 2  and for several asmrmed values of BO 
It is seen that the best approximation to  a straight line is 

obtained for B = 2/3; the value of -!!- is O.O’i”7J- (brs)-’. 

(By dividing M by r2* we have dimensions i n  (hours)-1 for  the 

abwe quotient; the numerical value of r2” is equal t o  one 

at r = 1 A.U. for any p.) 

the i n t e e 8 3  intensit ies (E > 23 MeV), and are only 

approximately those of a monoenergetic asseniblage of 

particles. 

i n  the Introduction, the model gives a decisively inferior 

representation of the data for f3=C!, that is, for  a diffusion 

coefficient which is independent of r .  

The data 

2-P r 

M e  that the intensit ies used are 

P 

In agreement with earlier analyses 8s  discussed 

Figure 5 shows a simila.r analysis for  the solar cosmic 

rag event of July 18, 1Sl. We find f3 = 4/S a.nd Em *+, is 
r 

0.0% (hours)”. The case for B=O is again shown for c q a r i s o n .  

Another case is s h m  i n  Figure 6 for  the event of 

April 15, 1963 [data *om L. A. Frank, 19651 . 
w e l l  organized by this treatmeat with e=;, fi = 0,104 (hours)”. 

The data are 

M E  
r 2-P 
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'Ilhe intensity-the profile of the event is shown i n  Figure 7. 

It is possible that the observed particles are due to more 

than one flare, as suggestedby the observed stnrcture i n  the 

intensity-time profile. 

Fbm study of these three cases, we observe tha t  satis- 

factory bterpretation of the data can be obtained for similar 

but sOmamat different values of f3 and M (see Table I). 

These variations i n  values of the parameters are presumably 

attributable t o  variations i n  the interplanetary medium and, 

perhaps, t o  differences in the energy spectra of the partidles. 

(a) Depe ndence of f3 on E. 

Tfae next question that presents i t s e l f  is the dependence 

of f3 and of M on particle energy. 

the S e p t d e r  28, 1961 event obtained by Explorer X X I  with an 

array of detectors by Bryaut e t  al. c19643 . 
13 show data of these authors replotted i n  the m e r  previously 

described. It is seen that a 3 l  of these data f o r  different 

energy ranges are well represented by a single choice of B, 
namely +LO. See C s o  Table I. 

W e  use additional data f r o m  

pigures 8 through 

A plot of B(E) vs E is given in  Figure 15 for the e m t  

of September 28, 1961. 

f o r  E > 55 tilev but draps markedly between 55 and 23 MeV. 

It amears that 0 is independent of E 



The data poiit for E > 40 MeV (Figure 14) has the indicated un- 

certainty due t o  the poor quality of the data Lrte i n  the 

event. However, it is possible t o  state t h a t  p is definitely 

not 88 great as one and it is samaJhat greater than 2/3. 

From the fact that the radial dependence of D is a 

strong function of particle energy for 23 C E < 87 MeV 

it is evident that magnetic irregularities of dif'ferent scale 

dimensions exist. 

must include ones comparable t o  the cyclotAron radii of protons 

of energy of the order of sever& hundred MeV or less 

(e.g., - 0.004 A.U.). 

with Figure l8.) 

P 

Fuethermore, the spectrum of dimensions 

(See also the discussion associat%d 

(c) The Diffusion Coefficient as a 
Function of Distance and Energy. 

In Figure 16 we hzve plotted from the data of Table I 

the diffusion coefficient D (E, r) as a function of r fo r  

various energies. We observe that  D (E, r) increases l inearly 

with distance above 55 MeV. We shall return later to t h e  

question o f t h e  spatial dependence of the diffusion coefficient. 

I n  Figure 17 the diFfusion coefficient is plotted as a 

f'unction of energy f o r  8 given position i n  space. 

noted that the energy dependence of D i s  independent of 

It should be 



position in  space i f ' p  is independent of energy. 

that i n  th i s  particular case for E 2 55 MeV (h1.0) the 

diffusion coefficient can be written as 

It is seen 

-2 EO0335 r, D (E, r) = 1.56 x 10 

E ,> 55 MeV 

*om which we have that 

M (E) = 1.56 x 10 O2 EoD335 

(9) 

where E is i n  MeV wad M (E) has the dimensions of (A.U.)/hr. 

1% appears Fraan Figure 17 t h a t  D ELppnxrches a constant value 

as the energy decreases beluw 55 MeV. 

the physical significance of th i s ,  we hve plotted i n  

as a function of energy. 3Q Figure 18 the mean---path h = 7 
It is seen that  A at 1 A . U .  approaches a constant value of 

- 0.081 A-U. at high energies and that it increases raF5dl.y 

at  law energies. 

is smaller than that of a 450 MeV proton by a factor of 4.8.) 

The gpparent meaning of this result is that the cyclotl-on 

radius of a 23 MeVproton is considerably srrdler than the 

dimensions of the most effective scattering centers. 

vein of thought it would be expected t h a t X  would increase 

again as E goes t o  h-&her values than those sharn i n  Figure 18. 

I n  order t o  understand 

(The cyclotron radius of a 23 &V proton 

In t h i s  
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A crude estimate of the dimensions of effective scattering 

centers [cf. &Cracken, 1962, and Parker, 19641 can be made 

by finding the cyclotron radius of, say, a 450 MeV proton 

(one for which A has a minimum Vslue). In  a magnetic field 

Of 4 gamma, th i s  radius is 0.006 A.U. 

(d) Total Ihiber of Particles 
and Energy ectrum. 

We have seen from expression ( 5 )  that, hawing the values 

of M and g, we can calculate the t o t d  number of particles 

emitted at t=O. 

Various energies, one is able t o  construct the  energy 

spectrum of the particles emitted at t = O  at the m. The 

results o f t h i s  computation are Shawn i n  Figures 19, 20, 21, 

and 22. 

In the case where data are available for 

I n  these figures the data are plotted i n  four coprmonly 

assumed forms, namely, a parer law i n  energy, an exponential i n  

em=, 8 power law i n  magnetic rigidity, and an exponential i n  

magnetic rigidity, respectively. An inspection of the graphs 

showa that any one of these lam can be used t o  describe the 

spectrum within the indicated experimental errors. The best 

f i t  appears t o  be the exponential r igidi ty  spectrum in 

figure 22. The vertical. error bars represent estimated 
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maximum errors; the true errors are probably less. 

differential spectra for the three laws (omitting the 

exponentid in energy case) are 88 fouOKs: 

The 

In the above expressions the units axe: 

i n  nmberbv,  dE 

E in MeV, 

dp i n  nmber/MPI 

P in Mv. 

It should be noted that an analysis of the same data by 

Bryant et al. E19643 using normalization factors in  an 

intensity vs distance p l r t  resulted ixi a,n energy spectrum at 

t = O  which varied as E 

analysis. 

-1.7 , in disagreement with the present 



A usef’ul check on the above spectral forms is provided 

by caanputing the number of particles of E > 23 MeV or 

P > 209 MV, and compar&ng it with the “observed” number from 

the 302 G.M. tube. Using equation (13) we have 

-209/173 = 1.53 x x 173 x e 

- - 0.79 x 1 3  particles. 

This is t o  be compared with N 2 1 x l ox ,  computed directly from 

equation (5) by use of the slope and intercept fr(HP Figure 4.  

!l!he correspanding numbers predicted by the power law i n  energy 

and power law i n  rigidity are 1.88 x lox and 1.82 x lp, 

respectively . 
An elementary calculation shows that  such nurnbers of 

particles carry a very small f’raction of t i e  to ta l  energy of a 

flare. ThJs, if we assume the typical Silcension of a flare t o  

be - 10 laa Kith magnetic fields of about lOOG gauss, then the 

total  energy stored i n  the f ie ld  is of the order of 19’ ergs. 

On the other hand the t o t a l  energy of 12.6 x IdQ psrticles of 

E - - 23 MeV is about 4.6 x 10 

4 

26 ergs, that is ,  the energy 
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carried by the particles i s  less than IOo4 of that contained 

i n  the flare region. 

It is O f  special interest t o  observe the t i m e  evolution 

of the d i f ferent id  energy spectrum. We can do this by use of 

equation (2) with the appropriate constants Frau Table I- The 

energy spectrum V o l e  over" 8t early times and becomes 

graduasly softer as time increases. 

with the observation of Bryant et al. [I9621 and provide an 

additional test of the internal consistency of the model- 

These results are consistent 



I n  the foregoing, the andys is  of the t i m e  history of 

the intensity of several solar cosmic ray events (at 1 A.u.) 

has been made i n  terms of a unified model of interplanetary 

diff’usion which assumed that the effective diffusion coefficient 

is a power l a w  function of heliocentric radial Sstance and is 

also a function of particle energy. 

give 8 coherent interpretation of the time history of the  

intensity of each monoenergetic component with mecific values 

for the tu0 parameters M and 8. 

of these parameters yield, directly, the  energy and radial 

dependence of the diffusion coefficieut and of the difYusion 

mean free path and, indirectly, the order of magnitude of the 

scale size of inhomgeneities of the inteqlanetary magnetic 

field. Predictions are made on the  radial dependence of the  

t i m e  history of solar cosmic ray intensity. 

It i s  found possible t o  
* 

Sets of the empirical values 

Also spectra for 

* 
The present treatment is relatively inadequate t o  e-lain the 

early data, that is, those during the first half-hour or so 

after the flare. This inadequacy is presumably connected with 

the early anisotropy and with possible delays i n  emission from 
the influence of the sun [Reid, 19643. 
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the source function at the sun are derived. 

based w s t l y  on the September 28, 1961 event because of the 

large body of observational data available. 

other emnts  shown here, as w e l l  as those in  process of a n d . i S ,  

receive a coherent interpretation i n  terms of the model proposed. 

It is important to note the t  the f i t  t o  experimental data 

determines only the value of the quantity 

Our analysis was 

HaJever, all of the 

and nat a! and B separately. I n  the foregoing analysis it has 

been assumed that -2. 

symmetry about the sun and inmediately raises the issue that 

particles from "back-side" flares rarely reach the earth i n  

measurable intensities. The value e 2  is, however, equally 

applicable t o  diffusion i n  a conical region whose vertex is a t  

the source and whose sidewall is bounded by radial l ines through 

the source. 

then a!> 2, and a different value of f3 is implied. Thus, taking 

This value of CY corresponds t o  spherical 

If the d i f fbs ion  region is of a flaxed-trumpet shape 

& as the knam quantity 

A typical, observed value of d is 3. Hence for a! > 2 



l -  23 

(trumpet diffusion), B 1; for CY = 2 (spherical or conical 

diFfusion), p = 1; and for a = 1 (cylindrical diffusion in, say, 

the ecliptic plane), p = 4/3: parlner [196f points out that 

the value of B = 1 is  a critical one in the following senset 

The number of mean free paths between inner and outer radii rl 
‘r 

and r2 is 

. 2  r 

for = 1 Q - a n ( $  r2 

1 

aod q * 0 as r2 

f3 > 1. 

would experience an “infinite difFusive resistance’’ i”lwn 

infinity and would therefore enter the inner solar system at 

03 for f3 = 1 or B < 1 but is f in i te  for 

Parker remarks that for f3 5 1, galru3tic cosmic rays 
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an infinitely slow rate, contraryto the evidence fran the 

11-year modulation. 

This l i n e  of argument might be taken t o  favor the 

possibility that interplanetary diFFusion is more nearly 

cylindrical (as i n  the ecliptic plane) t h a n  spherical and 

hence that (x C 2 and g > 1. 

The argument may be turned another way, hasever, by 

noting that our values of 8 5 1 for 5 < 400 MeV during 

September 1961 would imply the absence of particles of such 

energies i n  the galactic cosmic radiation at the earth. This 

implication does indeed receive same support fram the facts 

[Meyer and Vogt, 19631 . Also, it is not  unreasomible t o  

suppose that the value of f3 increases for greater particle 

energies; and it may vary during the solar cycle, corresponding 

t o  different states of turbulence of the  interplanetary medium. 

Thus, even i f  r2 is taken t o  be infinite, it i s  not clear that  

any physical contradiction exists. On the contrary, we suggest 

that the empirical value of p as determined herein may provide 

e significant insight on the entire question of the interplanetary 

modulation of the galactic cosmic ray spectrum. 

it is of interest t o  study the variation of 

Specifically, 

(E) during a 

solar cycle. 
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The Detailed Solution of Equation (1) 

W e  have that 

a aP 
CY dr a r  - = - -  a E M $ r  - I .  dP 1 

r at  

Here P = t i e  r&er of particles per unit volme at 
positicn r, at  tine t, of energy E. 

ff = parameter specifyir,g the dimensionality of the 
mace t o  be used. 

The bomda,ry condition is that P must vanish at infinity. 

k t  T = M t .  Then 

and, carrying out the differentiation 

Let us assuzue a solution of the form 

P ( r ,T)  = R (r) T (7) (3A) 

By making the appropriate substitutions into (2A) we have 



Since each side of the last equation is a function of only one 

variable, we must have 

2 where =k is a constant. Wethen h v e  irmne3iately 

Now 

or 

2 -IC 7 T = e  

The existence of t3e  solution to this equation was proved by 

MaJmst& [3.&0] 

and it is satisfied by the following expression [see e.g., 

Watson, 19221: 

!Phis is a mcdifie6 form of the Bessel eqyation 

(611) 
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where p = (~~+1)/(2+)- 

The cmplete solution is a sqerposition of solutions 

(4A) and (a), namely 

or 

A t  this point we need to express f(k) in terms of p (r,o). 

pmper inversion theorem to be used is the Fourier-Bessel theorem 

[see, e+, Sneddon, 1951, p. 651 

The 



By carrying out the Mebra we find that 

To evaluate f (k), we must now specify the f’unction P (r,o). 

If Iparticles per unit solid angle w e  released at t = 0, 

P (r,o) may be represented by 

[See, e-g.,  Morse and Feshbach for the generalized form of the 

D i r e  delta function.] 

The0 we have 

x B J ( re )  t i r  



. 

h e r e  the definifion of t h e  Bessel function was used. 

combhing t e r n  and expmlding, we have 

Mm, by 

-the last expression we o3serve that as we l e t  E -. 0, we 

nust restrict  ourselves t o  p C 2, otherwise +,he eqression 

becomes undefined. 

have 

With tbis restriction i n  mind we f ina . l l y  
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l -  

It is not obV;,ous t o  the author why such a restrict ion on f3 

should exist ;  the physical meaning of it i s  not inmediately 

apparent - Now let  us substitute (14A) into (7A). 

2 2k 1 x e - ( - k  

Q) 

2 2  Jv (at) e:? (-p t ) t"'l dt 
0 

2 a" a - - 

Therefore we have 
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By substitution of M t for 7 ,  we have fin- 

"5s is the desired solutlon of ewation (U). 

it reduces to the proper form in special casesy let  us take a=2 

(spherical geometry), j3=0 (ordinary diffusion equation with 

constant diffusion coefficient) 

To see whether 

Then eqmtion (15A) becomes 

We recognize this  as the solution of the diffusion equation with 

constant diffusion coefficient M, i n  the case of an infinitely 

extensive medium. 

form, as it should. 

Our solution then reduces t o  the proper 
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Figure 1. Semilogarithmic plots of the time variation of 
intensity of monoenergetic particles for various 
heliocentric radial distances. 

Figure 2. A check on the asymptotic approach t o  a t” decay 
stt r = 1 A.U.; as late as 50 hours af ter  the event, 
the asymptotic value has not been reached. 
are those of Figure 1. 

The constants 

Figure 3. Variation of the intensity as a function of position 
i n  space at selected times. Fifty hours after the event 
the intensity is essentially constant mer the range of 
r shown. 

Figure 4. The best approximation t o  a straight line is found 

x (cm sec sterad).’ and t i n  hours. 
for f3 = 2/3 (for an assumed a! = 2). I is  i n  (particles) 

2 

Figure 5. The July 18, 1961 event. 

Figure 6. The event of 4 r i i  15, 1963 [data courtesy of 
L o  A. me]. 

Figure 7. Tne complex structure of the intensity time profile 
of & m i l  15, 1g63 mt. 

Figure 8- Analysis of the data of Bryant e t  al. [1954] for the 
2 Septeniber 28, 1961 event. I is i n  (m see sterad)-’. 

Figure 9. Same as figure 8 for different energy range. 

F’igure 10. ~ a m e  as figure 8 for different energy range. 

Figure U. same as ~ i g u r e  8 for different energy renge. 



Mgure 12. Saxne as Figure 8 for different er?ergy range. 

Figure 13. Same as Figure 8 for  different energy range. 

pigure 14. The data for  E > 40 MeV from the September 28, 1$1 
event. 
quality of the data l a te  i n  the event. 

The d u e  of p is uncertain due t o  the poor 

Figure 15. The dependence of f3 on energy for  the event of 
Septerjiber 28, 1g61. 

Mgure 16. The dependence of the diffusion coefffciefit on 
position in space for the  event of September 28, 191. 

Pigure 17. The diffusior, coefficient as a f h c t i o n  of energy 
at r = 1 A.U. Tfie data are taken f r o m  Table I. 

Figure 18. The mean-free-path as a function of energy for  
the event of September 28, 1961 at r = 1 A.U. 

Figure 19. The differential energy spectrum at t=O as a power 
law i n  energy for  the 28 September event 1961. 

Figure 20. The differential  energy spectrum at t-0 as an 
expor,ential i n  energy. 

Figure 21. Tfie differential  rigidity spectrum at t = O  as a power 
l a w  i n  rigidity. 

Figure 22. The differential  rigidity spectrum a t  t--o as an 
expnential  i n  rigidity. 

Figure 23. Tne differential  energy spectrum for  chosen times 

for the event of Sep-er 28, 1561 as predicted by 
the model. 
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